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The infrared behavior of the Adler function is examined by making use of a recently derived integral represen-
tation for the latter. The obtained result for the Adler function agrees with its experimental prediction in the
entire energy range. The inclusive τ lepton decay is studied in the framework of the developed approach.
1. INTRODUCTION
The Adler function [1] plays a key role in parti-
cle physics. Specifically, theoretical description of
some strong interaction processes (e.g., electron–
positron annihilation into hadrons [2] and inclu-
sive τ lepton decay [3,4]) is inherently based on
this function. Besides, Adler function is essen-
tial for confronting the precise experimental mea-
surements of some electroweak observables (e.g.,
muon anomalous magnetic moment [5] and shift
of the electromagnetic fine structure constant [6])
with their theoretical predictions. In turn, the
latter represents a decisive test of the Standard
Model and imposes strict restrictions on possible
“new physics” beyond it.
Furthermore, Adler function plays a crucial role
for the congruous analysis of spacelike and time-
like experimental data. Indeed, since perturba-
tion theory and renormalization group method
are not applicable directly to the study of ob-
servables depending on the timelike kinematic
variable, for the self–consistent description of the
latter one has to relate the timelike experimen-
tal data with the spacelike perturbative results.
Here, the required link between the experimen-
tally measurable R–ratio of electron–positron an-
nihilation into hadrons and theoretically com-
putable Adler function D(Q2) is represented by
the dispersion relation [1]
D(Q2) = Q2
∫
∞
4m2
pi
R(s)
(s+Q2)2
ds, (1)
where mπ ≃ 135MeV [7] stands for the mass of
the lightest hadron state. The dispersion rela-
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tion (1) is also commonly employed for extracting
the Adler function from the relevant experimental
data. For this purpose, in the integrand (1) R(s)
is usually parameterized by its experimental mea-
surements at low and intermediate energies and
by its theoretical prediction at high energies.
The ultraviolet behavior of the Adler function
can be approximated by the power series in the
strong running coupling within the perturbation
theory (see paper [8] and references therein)
D
(ℓ)
pert(Q
2) = 1 +
∑ℓ
j=1
dj
[
α(ℓ)s (Q
2)
]j
. (2)
The overall factor Nc
∑
f Q
2
f is omitted through-
out, where Nc = 3 is the number of colors and Qf
denotes the charge of the quark of the f -th fla-
vor. In Eq. (2) α
(ℓ)
s (Q2) is the ℓ–loop perturbative
QCD invariant charge, α
(1)
s (Q2) = 4π/(β0 ln z),
z = Q2/Λ2, β0 = 11− 2nf/3, nf is the number of
active quarks, and d1 = 1/π.
However, the perturbative expansion (2) is in-
valid at low energies and it is inconsistent with
the dispersion relation for the Adler function (1)
due to unphysical singularities of the strong run-
ning coupling αs(Q
2) in the infrared domain. The
latter also causes certain difficulties in processing
the low–energy experimental data.
2. NOVEL INTEGRAL REPRESENTA-
TION FOR THE ADLER FUNCTION
In general, there is a variety of the nonpertur-
bative approaches to handle the strong interac-
tion processes at low energies. In this work we
will focus on the approach which engages disper-
sion relations. Indeed, the latter provide an im-
1
2portant source of the nonperturbative informa-
tion about the hadron dynamics in the infrared
domain, which should certainly be taken into ac-
count when one is trying to go beyond the scope
of perturbation theory.
In particular, dispersion relation (1) imposes
stringent physical nonperturbative constraints on
the Adler function. Specifically, since R(s), be-
ing the ratio of two cross–sections, assumes fi-
nite values and tends to a constant in the ultra-
violet asymptotic s → ∞, then the Adler func-
tionD(Q2) vanishes1 in the infrared limit Q2 = 0.
In addition, dispersion relation (1) implies that
the Adler function possesses the only cut Q2 ≤
−4m2π along the negative semi–axis of real Q
2.
These nonperturbative constraints on the Adler
function have been merged with its perturbative
approximation in Refs. [9,10] (see also discussion
of this issue in Ref. [11]). Eventually, this results
in the following integral representations for the
Adler function and R–ratio:
D(Q2) =
Q2
Q2 + 4m2π
[
1 +
∞∫
4m2
pi
ρ(σ)
σ − 4m2π
σ +Q2
dσ
σ
]
,(3)
R(s) = θ(s− 4m2π)
[
1 +
∞∫
s
ρ(σ)
dσ
σ
]
, (4)
where θ(x) is the unit step function, θ(x) = 1 if
x ≥ 0 and θ(x) = 0 otherwise. The developed
approach [9] eliminates such intrinsic difficulties
of perturbation theory as the infrared unphysical
singularities of outcoming results. Besides, ad-
ditional parameters are not introduced into the
theory. Furthermore, Eq. (4) by construction ac-
counts for the effects due to the analytic continu-
ation of spacelike theoretical results into timelike
domain, such as the resummation of the so-called
π2–terms. It is worth noting also that the mass of
the lightest hadron state affects both the parton
model prediction and the strong correction of the
quantities in hand (3), (4).
In the limit of the massless pion mπ = 0 ex-
pressions (3) and (4) become identical to those of
the Analytic Perturbation Theory (APT), see pa-
pers [12,13] and references therein. However, it is
1This constraint holds for mpi 6= 0 only.
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Figure 1. Adler function (3) corresponding to the
spectral density (6) (solid curve) (Λ = 441MeV,
nf = 3). Perturbative approximation (2) of the
Adler function and its experimental prediction
are denoted by the dot-dashed curve and shaded
band, respectively.
crucial to keep the pion mass nonvanishing, since
it can be safely neglected only when one handles
the strong interaction processes at high energies.
It is worth mentioning that there is a number
of other similar approaches2 which also combine
perturbative results with relevant dispersion rela-
tions, see, e.g., Refs. [15,16,17,18,19].
The spectral density ρ(σ), which appears in
Eqs. (3) and (4), can be determined either as
the discontinuity of the explicit “exact” theoret-
ical expression for the Adler function Dexact(Q
2)
across the physical cut or as the numerical deriva-
tive of the experimental data on R–ratio [9]:
ρ(σ) =
1
π
Dexact(−σ + i0+) = −
dRexp(σ)
d lnσ
. (5)
However, there is still no explicit “exact” expres-
sion for the Adler function, and, therefore, there
is no unique way to compute the corresponding
spectral density (5) by making use of its approxi-
mate perturbative expression (2). In what follows
we will employ the spectral function obtained in
2The Adler function was studied in the framework of APT
supplemented with the relativistic quark mass threshold
resummation in Ref. [14].
3Ref. [20]3, which has the following form at the
one-loop level [20,22]:
ρ(1)(σ) =
(
1 +
Λ2
σ
)
1
ln2(σ/Λ2) + π2
. (6)
The Adler function (3), corresponding to the
spectral function (6), is presented in Fig. 1 by
solid curve. The dot-dashed curve stands for the
one-loop perturbative approximation (2) of the
Adler function, whereas its experimental predic-
tion, computed in the way described above, is de-
noted by the shaded band. As one may infer from
Fig. 1, the obtained result for the Adler function
is in a reasonable agreement with its experimental
prediction in the entire energy range.
3. INCLUSIVE τ LEPTON DECAY
It is also of a particular interest to study the
inclusive τ lepton decay within the approach
in hand, since this process probes the infrared
hadron dynamics at energies below the mass of
the τ lepton, and the relevant experimental data
are fairly precise. The measurable quantity here
is the inclusive semileptonic branching ratio
Rτ =
Γ(τ− → hadrons− ντ )
Γ(τ− → e− ν¯e ντ )
, (7)
which can be split into three parts, namely, Rτ =
Rτ,V + Rτ,A + Rτ,S. The terms Rτ,V and Rτ,A
account for the contributions to Eq. (7) of the
decay modes with the light quarks only, and they
correspond to the vector (V) and axial–vector (A)
quark currents, respectively. The last term Rτ,S
accounts for the contribution to Eq. (7) of the
decay modes with the s quark.
Let us proceed with the nonstrange part of the
ratio (7) associated with the vector quark cur-
rents
Rτ,V =
Nc
2
|Vud|
2SEW (∆QCD + δ
′
EW
) , (8)
see papers [3,4] and references therein for de-
tailed discussion of this issue. The experimental
measurement [23] of the ratio (8) yields Rτ,V =
3It is interesting to note that the QCD effective coupling
obtained in Ref. [20] has been independently rediscovered
in Ref. [21] proceeding from entirely different reasoning.
1.764±0.016. In Eq. (8) |Vud| = 0.97418±0.00027
denotes the Cabibbo–Kobayashi–Maskawa ma-
trix element [7], SEW = 1.0194±0.0050 and δ
′
EW
=
0.0010 are the electroweak corrections [3,24], and
∆QCD can be expressed in terms of a weighted
integral of the aforementioned R(s)–ratio:
∆QCD = 2
M2
τ∫
0
(
1−
s
M2τ
)2(
1 + 2
s
M2τ
)
R(s)
ds
M2τ
, (9)
where Mτ ≃ 1.777GeV [7] is the τ lepton mass.
In the framework of perturbative approach one
usually reduces Eq. (9) to the contour integral in
the complex s–plane along the circle of the radius
of the squared mass of the τ lepton. At the one-
loop level this eventually leads to [3]
∆QCD = 1 + d1 α
(1)
s (M
2
τ ), (10)
that, in turn, results in Λ = (678 ± 55)MeV for
nf = 2 active quarks.
At the same time, for the evaluation of ∆QCD in
the framework of the approach in hand, the inte-
gration in Eq. (9) can be performed in a straight-
forward way. Ultimately this leads to the follow-
ing result at the one-loop level [10]:
∆QCD = 1− δΓ + d1α
(1)
TL (M
2
τ )− d1δΓα
(1)
TL (m
2
Γ)
+ d1
4π
β0
∫ 1
χ
f(ξ) ρ(1)(ξM2τ ) dξ, (11)
where f(ξ) = ξ3 − 2ξ2 + 2, χ = m2Γ/M
2
τ , δΓ =
χ f(χ), and
α
(1)
TL (s) =
4π
β0
θ(s−m2Γ)
∫
∞
s
ρ(1)(σ)
dσ
σ
(12)
is the one-loop timelike effective coupling [9].
Here mΓ stands for the total mass of the light-
est allowed hadronic decay mode of the τ lepton,
e.g., for the vector channel mΓ = mπ0 + mπ− .
In this case δΓ ≃ 0.048 considerably exceeds the
electroweak correction δ′
EW
. Eventually, Eq. (11)
results in Λ = (941 ± 86)MeV for nf = 2 active
quarks, that is somewhat larger than the one-loop
perturbative estimation quoted above.
The effects due to the nonvanishing hadronic
mass mΓ play a substantial role herein. In par-
ticular, in the massless limit mΓ = 0 Eq. (11)
leads to Λ = (493 ± 56)MeV for nf = 2 active
quarks.
44. SUMMARY
The infrared behavior of the Adler function is
studied by making use of recently derived integral
representation for the latter. The developed ap-
proach possesses a number of appealing features.
Namely, it eliminates unphysical perturbative sin-
gularities, properly accounts for the effects due
to the analytic continuation of spacelike theoret-
ical results into timelike domain, and embodies
the effects due to the mass of the lightest hadron
state. Besides, additional adjustable parameters
are not introduced into the theory. Furthermore,
the developed approach provides a reasonable de-
scription of the Adler function in the entire en-
ergy range. It is also shown that the effects due
to the nonvanishing mass of the lightest hadron
state play a substantial role in processing the ex-
perimental data on the inclusive τ lepton decay.
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